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ABSTRACT
Refractories are widely used in the glass-making, steel-

making and energy-production industries in which they are
subjected to significant thermal loading and chemical
attack. As brittle material, refractory failure under thermal
loading and chemical attack is usually caused by the for-
mation of micro-cracks. Continuum damage mechanics
(CDM) based model has been attempted previously to
reflect the influence of the micro-crack formation on the
failure of a refractory cup experiencing thermal and chem-
ical expansion. Chemical reaction was found to be the dom-
inant factor of the failure of the refractory cup. In order to
further understand the effect of the chemical reaction, a
CDM based model is developed to simulate the failure
behavior of a refractory cup with shrinkage due to the
chemical reaction. This work would help understanding the
failure behavior of refractories exposed to high temperature
and corrosive environments, therefore helping in the devel-
opment and application of refractories.  

INTRODUCTION
Refractories are widely used for the linings of furnaces

and vessels of the glass-making, steel-making and energy-
production industries. However, refractory linings in these
applications are usually subjected to high temperature and
chemical attack, resulting in volume change and strength
degradation, which lead to cracking [1-6]. Since it is very
hard and costly to study the failure behavior of refractories
experimentally due to the high temperature and the corro-
sion environment, computer modeling has been applied to
study the thermomechanical behavior of refractories exten-
sively [7-14]. However, due to brittle behavior of refracto-
ries, the failure of refractories is caused by the formation of
micro-cracks. The traditional thermomechanical modeling
is not sufficient to study the failure behavior of refractories
due to the formation of micro-cracks. A continuum damage
mechanics (CDM) based model has been attempted previ-
ously to reflect the influence of the micro-crack formation
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on the failure of a refractory cup experiencing thermal and
chemical expansion [15]. The modeling provided an effi-
cient way for thorough understanding of the failure of
refractory under thermal loading and chemical attack.
Chemical reaction was found to be the dominant factor of
the failure of the refractory cup. 

In order to further understand the effect of the chemical
reaction, a CDM based model is developed to simulate the
failure behavior of a refractory cup with shrinkage due to
the chemical reaction.

CONTINUUM DAMAGE MECHANICS
Refractories are classified as brittle materials. The failure

of refractories due to thermal loading and corrosion is usu-
ally represented by the formation of micro-cracks. Due to
the difficulties in describing the evolution of the micro-
crack pattern in a failing brittle solid, continuum damage
mechanics (CDM) has been used extensively to describe the
failure processes of brittle materials such as concrete, rock
and glass.

CDM, regarded as a continuous measurement of internal
stiffness degradation of a material, was first introduced by
Kachanov [16] and further developed by Lemaitre [17],
Kachanov [18], and Chaboche [19]. The general purpose of
CDM is to describe the coupling effects of damage process
and the stress-strain behavior of a material. The effect of
damage on the deformation processes is taken into account
by introducing damage variables into the constitutive equa-
tions of the continuum. Instead of trying to reproduce the
fine details of the micro-defect and macro-crack patterns,
CDM attempts to formulate a theory that will reflect the
influence of these defects in a brittle solid in an approxi-
mate manner. A scalar variable, D, between 0 and 1 is used
to describe the damage. The constitutive law for a damaged
material was derived by using the effective stress, along
with the principle of strain equivalence. The damage vari-
able is described in terms of stiffnesses as
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~
D = 1 - E (1)

E

~
where E is the effective elastic modulus of the material, and
E is the elastic modulus of the undamaged material. The
effective stress in a damaged material under uniaxial load
can be expressed as:

~       σσ = ____ (2)
1-D

where σ is the normal stress. Failure is defined as when D
reaches the critical damage. The concept of failure here rep-
resents the formation of macroscopic defects rather than
rupture. 

Hillerborg, et al. [20] studied the tensile behavior of con-
crete and described a method that explains both the growth
of existing cracks and the formation of new cracks. A ficti-
tious-crack model was proposed by him based on plasticity
theory. The formation and propagation of cracks was
assumed to start when the tensile stress reaches a critical
value. A plastic-damage model was introduced by Lubliner,
et al. [21] to govern the non-linear behavior of concrete,
including failure, in both tension and compression. The
model was further developed by Lee and Fenves [22]. In
this model, isotropic damage variables were used to repre-
sent the degradation of elastic stiffness. Uniaxial tensile
and compressive stresses were expressed in terms of tensile
and compressive damages and effective-stress responses.
The effective stress was related to the damaged elastic stiff-
ness and the elastic strain. The plastic strain rate was eval-
uated by a flow rule, using a scalar plastic potential func-
tion. 

Saetta, et al. [23] studied the mechanical behavior of con-
crete under physical-chemical attacks by using a coupled
mechanical and chemical damage model. The mechanical
damage variable was defined as the ratio between the area
occupied by the voids and the overall section area.

~
Dmech = 1 - S (3)

S

~
where S is the effective resisting area of the damaged mate-
rial and S is the overall section. The continuously decreas-
ing manner of the effective resisting area determined that
the damage variable is an increasing parameter.

The chemical damage is defined by the following rela-
tionship:

Dmech = (1- ϕ) - 1-ϕ (4)
1+(2R)4

where coefficient ϕ is the relative residual strength of the
material achieved when the chemical reaction is completely
developed. Parameter R is defined as the ratio between the
actual concentration and the reference concentration of the
pollutant, C/Cref . 

By combining the mechanical and chemical damage, the
coupled damage is introduced as:

Dcoupled = 1 -(1-Dmech) • (1- Dchem) (5)

The constitutive damage model of the material is defined as:

σi j= (1-Dcoupled) • E 0
i jk l (6)

where σij and εij are the standard stress and strain tensors;
E0

ijkl is the elastic constitutive tensor and D is the mechani-
cal damage index. 

Zhao [24] developed a damage model for a laminated
glass impacted by head form based on a linear damage evo-
lution law. Damage components were defined linearly
related with the corresponding tensile principal stress and
maximum shear stress components. The model gave the
amount of the damage of glass plies as well as the damage
modes. 

Liang [25] developed an inelastic-damage model for a
cylindrical refractory lining under thermal loading and
chemical attack. Two damage variables were used to
describe the tensile and compressive damages of the refrac-
tory linings, respectively. They were defined to be func-
tions of the inelastic strains and temperature. The total
strain was defined as the sum of the mechanical strain,
thermal strain and reactive strain. The chemical reaction of
refractory material was expressed by the reactive strain
which is a function of the temperature and time. The com-
parison of the predicted damage patterns and observed
damage patterns in a brick from an oxy-fuel glass tank was
encouraging. 

DAMAGE MODEL FOR REFRACTORY CUP
The refractory cup and the cup test procedure are taken as

same as those in the study of Liang et al. [15].  The diame-
ter of the refractory cup is 114.3 mm, the inner radius of the
cup is 19.05 mm, the thickness of the cup is 76.2 mm and
the depth of hole is 38.1 mm, as shown in Figure 1. The

Figure 1. A refractory cup after corrosion test.
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refractory cup was set in a box furnace flooded with Argon
gas. 50 g black liquor smelt was put into the cup. The tem-
perature in the furnace was increased from room tempera-
ture to 1000°C with a heating rate of 1°C/min and then the
temperature was held constant for 240 hours. Then the fur-
nace was cooled down to room temperature at a cooling rate
of 1°C/min. After the test, the refractory cup was cut apart
for the corrosion and failure analysis. 

The idealized geometry of the refractory cup used in the
model is shown in Figure 2. The outer radius of the refrac-
tory cup is 57 mm, the inner radius of the cup is 19 mm, the
thickness of the cup is 76 mm and the depth of hole is 38
mm. 

COUPLED THERMOMECHANICAL MODEL
The refractory material is considered as a homogeneous

isotropic thermoelastic material. The coupled governing
thermoelastic equations in time domain are written as [26] 

e .
(kT,i),i +Qi+βijT

.εi j  = ρCT , (i, j = 1,2,3) (7)

where k is the conductivity, T is the temperature, Q is the heat flow
rate, βijT

.εe
i j  is the thermoelastic coupling factor, ρ is the density,

and C is the specific heat. According to the Fourier law of heat con-
duction, (kT,i),i +qi,i, in which qi is the heat flux. 

CONSTITUTIVE RELATIONS
In modeling the cracking behavior of the refractory material, the

refractory is modeled as an isotropic elastic material. After includ-
ing the chemical shrinkage in the stress-strain relations for the
refractory, the elastic constitutive relations for the refractory mate-
rial become

(8)

where ν is the Poisson’s ratio, α is the coefficient of thermal expan-
sion, T is the temperature, εr is the chemical shrinkage strain, and
δij is the Kronecker delta. 

The chemical reaction of refractory material is controlled by tem-
perature, time and the depth of penetration. Reactive strain is used
to describe the chemical reaction as a function of the temperature,
T, time, t, and penetration depth, d.

εr = F(T,t,d) (9)

DAMAGE MODEL
Since the failure behaviors of refractories under tension and com-

pression are different, two damage variables, D and Dc, are used to
describe the tensile and compressive damages of the refractory. The
damage components due to normal principal stresses are assumed
to follow a simple linear damage evolution law in which damage is
linearly related with the corresponding tensile and compressive
principal stress components (σi) in a certain stress range [24]:

Di=0, if σi�σthreshold

Di=
σi�σthreshold if  σthreshold<σi< σcrit (10)σcrit-σthreshold

Di=1, if  σi�σcrit

where i = 1, 2 which represent tensile and compressive, respec-
tively. 

The material degradation is modeled by loss of stiffness as

~
E=(1-D)E (11)

where the total damage, D, is the combination of the tensile and
compressive damages.

D=1-(1-Dt) • (1-Dc) (12)

COMPUTATIONAL MODEL
A 2-D axisymmetric coupled temperature-displacement finite

element model is used to simulate the refractory cup under thermal
loading and chemical attack. The coupling of the thermal and
mechanical behavior is achieved in the following matrix: 

(13)

where �U is the incremental displacement including both thermal
and chemical shrinkages if involved, �T is the incremental tem-
perature, Kij are submatrices of the fully coupled Jacobian matrix,
and RU and RT are the mechanical and thermal residual vectors,
respectively. 

The commercial finite element package ABAQUS [27] is used
for the modeling. The refractory cup is modeled with four-node
bilinear axisymmetric elements CAX4RT. After performing a mesh
sensitivity study, a finer mesh is employed in the possible reaction

Figure 2. A cut-away view of the idealized refractory cup modeled.
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region in order to better capture the damage state of the refractory
cup, as shown in Figure 3.

A FORTRAN language programmed user material subroutine
UMAT [27] is developed and implemented to interface with the
main ABAQUS code to simulate the constitutive behavior of the
refractory using the CDM approach described earlier. For a given
material point, the magnitude of the damage tensor ranges from 0.0
(virgin state) to 1.0 (fully damaged state or visible cracking). The
elastic modulus of the material point degrades according to equa-
tion (11). Because of the irreversibility of the damage process, the
components for the damage tensor at the nth time increment are
determined from the current and previous state using the relation-
ship:

Di= max(Dn
i ,D

n
i

-1) (14)

where n and n-1 represent the nth and the (n-1)th time incre-
ment in the analysis.

Due to the unavailable data of the properties of the tested
material, the properties of an alumina refractory material is
employed in this model. Some temperature dependent prop-
erties of the refractory are given in Table 1. Other proper-
ties of the refractory are described below.  E = 103 GPa at
23°C and E = 77 GPa at 1000°C, the Young’s modulus at
other temperatures will be linearly interpolated based on the
above two values. The following properties of the refracto-
ry are at room temperature: ρ = 3480 kg/m3, α = 8.7 x 10-6/K
and ν = 0.24.

Compressive and tensile strengths of alumina refractories
at ambient temperature can reach about 3000 MPa and
about 200 MPa [28, 29], respectively. However, it is well
known that the strength of refractory materials would be
decreased dramatically when exposed to high temperature
and chemical corrosion environments. In the model, the
threshold compressive and tensile strengths are assumed to
be 50 MPa and 10 MPa, respectively. The critical compres-
sive and tensile strengths are assumed to be 300 MPa and
100 MPa as the damage criterion of the refractory material,
respectively, due to the paucity of knowledge on the
strength of refractories under such environments.

Since there is no experimental data on the reaction rate,
assumptions have been made for the reaction rate based on
the study of Peascoe et al. [30]. The chemical reaction is
assumed to occur only when temperature is above 800°C. A
constant expansion rate of 6 x 10-5/h was assumed for tem-
peratures above 800°C in the previous work [15]. In this
work a constant expansion rate of -6 x 10-5/h was assumed
for temperatures above 800°C leading to shrinkage to com-
pare the results to that of the previous study. The depth of
the penetration is limited to maximum of 5 mm. The pene-
tration rate is assumed to be 0.05 mm per hour. For now, it

Figure 4. Reactive strain pattern and numerical result.Figure 3. Illustration of the model and mesh.
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Figure 5. Predicted tensile damage pattern.

is also assumed that the chemical reaction would not affect
other properties of the refractory. However, it can be incor-
porated into the model when some realistic experimental
data on the chemical reaction becomes available.

RESULTS AND DISCUSSION
The result of reactive strain is shown in Figure 4. A thin

layer of shrinkage zone which is about 5 mm in thickness is
created behind the surface of the hole due to chemical reac-
tion. The curve in the plot is the reactive strain along the
dotted line in the contour pattern. Reactive strain is highest
on the surface and reduces to zero at the end of the reaction
zone. Due to the negative assumption of the reaction rate,
value of the shrinkage in this study is fully reversed from
the expansion value in the previous study [15]. 

As a result of the shrinkage in the reaction zone, tensile
stress is developed in the same region and causes tensile
damage to the material. Figure 5 shows the predicted ten-
sile damage pattern in the refractory cup after the corrosion
test. Compared with the results in the previous study [15],
the tensile damage region is almost the same as the com-
pressive damage region in the study of previous study [15].
Tensile damage is highest on the reaction surface, and then
decreases toward inside of the cup. As a result, tensile
cracking would be caused on the surface instead of spalling
when chemical expansion occurs.

Figure 6 shows the predicted compressive damage in the
refractory cup. Due to stress balance, compressive stress is
developed at the end of the reaction zone and causes com-
pressive damage in this region. However, the compressive
damage region in this study is not reversible from the result
of previous study [15]. Unlike the tensile damage region
which occurred behind the entire reaction zone in the pre-
vious study [15], the compressive damage occurs only in a
region close to the top edge of the hole. Because of the sig-
nificant reactive strain, the chemical reaction dominates the
stress and strain development in the refractory cup. When
chemical shrinkage happens, the strain and stress distribu-
tion and value reverse from the previous study [15]. Similar
or larger tensile damage can occur under a tensile stress

which has a similar value as the compressive stress in the
previous study [15]. However, due to the compressive
strength is much higher than the tensile strength, the com-
pressive damage is much lower when under a stress which
has a similar value as the tensile stress in the previous study
[15].

Figure 7 gives the numerical results of the damages in the
cup. The curves in the plot are the damages along the dot-
ted line in Figure 4. Tensile damage starts from the reaction
surface and ends at a depth about 5 mm away from the sur-
face. The maximum compressive damage, which is about 1,
is on the surface. Compressive damage occurs just around
the end of the reaction zone. The maximum compressive
damage, which is about 0.17, is much lower than the maxi-
mum tensile damage, and lies right behind the reaction zone.
The total damage is dominated by the tensile damage in the
reaction zone and by the compressive damage in the remainder
of the refractory cup. The total damage zone is smaller than

Figure 6. Predicted compressive damage pattern.

Figure 7. Through thickness damage.



22 May/June 2006 Refractories Applications and News, Volume 11, Number 3

that in the previous study [15] due to the smaller compressive
damage region.

Figure 8 shows the history of the maximum damages.
However, the growth of the damages shows nonlinear behavior
due to the degradation of the material stiffness. The tensile
damage develops earlier and faster than that in the previous
study [15], after about 20 hours of the test, and reaches the
steady state after about 120 hours. The compressive damage
starts long after that in the previous study [15], after about 150
hours of the test. The maximum total damage is dominated by
the maximum tensile damage over the entire test.

CONCLUSIONS
This study presented a CDM based analytical model for pre-

dicting the failure behavior of refractory cup experiencing ther-
mal expansion and chemical shrinkage. The reactive strain is
almost fully reversed from that in the study with chemical
expansion. However, the damage is not fully reversible. Similar
or larger tensile damage occurs in the reaction zone rather than
compressive damage as in the refractory cup with chemical
expansion. Only a very small compressive damage region
occurs at the end of the reaction zone. Tensile damage develops
earlier and faster than that in the cup with chemical expansion.
Compressive damage develops more slowly than that in the cup
with chemical expansion. Total damage is dominated by the
tensile damage. This work gives a further understanding of the
effect of chemical reaction on the failure of the refractory cup.
It will help in the development and application of refractories.
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Refractories Applications and News
announces the retirement of

Dwight Whittemore
As many of you already know, Dwight Whittemore retired the end of
this past year.  He has been a member of our sales staff since April of
2001.  He will be missed by all of the staff and we would all like to wish
him the very best in his retirement. 

Good Luck and 
Thank You

for your service!
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